A model of transport across the ion-exchange membrane in allvanadium redox flow batteries has been proposed based on concentrated solution theory for species with high concentration. The model is based upon the Stefan-Maxwell multicomponent diffusion equation where the fluxes of the species including protons ( ), bisulfate ( ), water ( ) and the sulfonate functional groups ( ) are fully coupled. The driving force for species transport has been modeled in terms of concentration and electrostatic potential gradients. The ionic transference numbers as well as water electro-osmosis drag coefficient has been calculated for different acid concentrations.
Introduction
Renewable energy sources such as wind, solar and tidal energy typically suffer from intermittency. One possible solution to overcome this issue is to use energy storage. Among different technologies, redox flow batteries (RFB) are considered as an important potential candidate. There are currently several types of RFBs under development, each employing different redox couples. One of the most promising types is the all-vanadium redox flow batteries (VRFB) as originally conceived by Skyllas-Kazacos and coworkers (1) . In contrast to conventional batteries such as lead-acid storage cells, for VRFBs, the energy is stored externally in two reservoirs containing different redox couples for the anolyte (V(II)/V(III)) versus the catholyte (V(IV)/V(V)) where the reactants flowing across the electrodes enter from these reservoirs to the electrochemical cell with a porous carbon based electrode, and the electrolytes in the two compartments are separated by an ion-selective membrane or ceramic separator.
A general schematic of the VRFB is shown in Fig. 1 . The ion-exchange membrane separates the positive cell from the negative cell. An external pumping system circulates the electrolyte solutions through the porous electrodes with V(II)/V(III) solution circulates through the negative cell and V(IV)/V(V) solution circulating through the positive cell. The governing electrochemical reactions for negative and positive cell reactions of an operating VRFB are given in Eq. [1] and [2] respectively.
The forward arrows in Eq. [1] and [2] are the discharging (galvanic) direction, the reverse arrows are the charge direction. In reaction [1] the discharging process oxidizes the V(II) ion to the V(III) species, while in reaction [2] the V(V) ion is reduces to form the V(IV) species and accordingly reducing the state of the charge of the battery.
In order to optimize and improve the VRFB performance; mathematical modeling can be utilized. A recent review of some modeling studies has been reported by Weber et al. (2) . In general, the models developed are based on approaches adopted from polymer electrolyte fuel cell (PEFC) modeling and have common assumptions. In those models the dilute solution approximation has been utilized for species transport (3) (4) (5) (6) (7) (8) (9) (10) (11) . In the dilute solution theory approach, the driving forces for the transport of species has decoupled gradients of concentration and hydraulic pressure, as well as transport due to voltage or temperature gradients (12) .
Among different components of the VRFB, the ion-exchange membrane is a key component. The ion-exchange membrane directly affects the voltage and coulombic efficiencies of the VRFB. Increased voltage efficiency is obtained through decreased ohmic losses associated with the membrane and increased coulombic efficiency is achieved via decreased cross-over of reactant species through the membrane. Therefore, there are tradeoffs that need to be considered for improved efficiency of the battery. Accordingly, the motivation for this work is to develop a transport model for the membrane of the VRFBs based on a comprehensive description of mass, charge energy and momentum transport including concentrated solution theory for species with coupled transport effects.
Concentrated solution theory has its basis in irreversible thermodynamics and StefanMaxwell diffusion. Solute-solute interactions are included and the theory account for transport by diffusion, migration and electrosmotic drag without the need for viscous-or pressure-driven terms. For ion-exchange membranes, since the distinction between solute and solvent is unclear, it is sometimes necessary to apply the concentrated solution theory for modeling studies (13) . A comprehensive review of mathematical modeling of electrokinetics in a concentrated solution has been provided by Bazant et al. (14) . Concentrated solution theory has been applied to multicomponent cation-exchange membranes at some previous works (15) (16) (17) . The equations for material balance, current flow, and electroneutrality remain valid for concentrated solutions, but the flux equation requires modification. The Nafion® perfluorosulfonic acid (PFSA) membrane has been widely utilized as the ion-exchange membrane of choice in VRFB studies and in this work; the mathematical model has been adopted for Nafion 117 membrane.
Mathematical Membrane Transport Model
The relative transport of ions and solvent in membranes is affected by the physical and chemical properties of the ions and solvent in solution, the properties of the membrane, and the mutual interactions between solutes, solvent and membrane (15) . Fig. 2 demonstrates the species within the negative and positive electrodes as well as the N117 membrane of the VRFB. The ion exchange properties of the membrane are the result of sulfonate functional groups ( ) which act as fixed charge sites in the membrane (18). The fundamental equation describing isothermal mass transport in the membrane is given in the following equation.
Where , and are the concentration, electrochemical potential, and velocity of species respectively and is the frictional coefficient between species and . The frictional coefficients can be replaced with binary interaction coefficients, by using the Eq. [4] . [4] Where and are the gas constant and absolute temperature and is the total concentration of all species present in the membrane. For this work, the species with the high concentration within the membrane has been considered in the modeling including protons ( ), bisulfate ( ), water ( ) and the sulfonate functional groups ( ). The binary interaction coefficients among the species have been obtained from the work of P. H. Michael (19) . Also, through the application of the Gibbs-Duhem equation there are only three independent transport equations (
). This analysis assumes that the membrane is stationary and . Therefore, Eq. [3] can be written as (15): [5]
[6]
[7]
The in-house model is developed based on finite-volume discretization and the multicomponent ionic transport has been modeled in 1-D since the membrane is very thin. The computational domain is shown in Fig. 3 . At each control volume, the governing equations include differential material balance for each individual species (Eq. [8] ) and electronutrality condition (Eq. [9] ).
[8]
The parameter is the concentration of the fixed charge sites within the membrane and is the valence of the membrane's sulfonate functional groups. In order to calculate the flux of the species within the membrane ( ), it is assumed that the activity coefficients' variation within the membrane phase is negligible (20) and therefore the gradient in electrochemical potential can be written in terms of gradient in concentration and gradient in electrostatic potential as it is shown is Eq. [10] . [10] To calculate the velocity of the species within the membrane ( ) the matrix is constructed first based upon the frictional coefficients ( ) according to Eq. [11] through Eq. [13] 
(15).
) [11] Where:
[12] ∑ [13] Assuming the membrane at stationary condition, the row and column associated with the membrane can be eliminated from matrix and the remainder of matrix is called and the can be calculated based on Eq. [14] .
[14]
The flux of the species within the membrane ( ) is calculated based upon Eq. [10] and [14] .
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[15]
The model can simulate potentiostatic and galvanostatic mode and the concentrations of the species within the membrane as well as the distribution of the electrostatic potential at each control volume. The boundary conditions for the concentration profiles are obtained from the uptake values reported in (21) .
Results and Discussion
The distribution of species concentration including proton and bisulfate ions as well as water is shown in Fig. 4 . In a typical VRFB the concentration of the vanadium species are in the range of 1000mol.m -3 to 2000mol.m -3 with the supporting electrolyte of sulfuric acid in the 3000mol.m -3 to 6000mol.m -3 range. In this work, not only this range has been covered for sulfuric acid, but also higher ranges are also investigated to distinguish the diffusive transport from the transport induced by the gradient in electrostatic potential. In  Fig. 4 , the horizontal axis is the dimensionless value for through-plane direction of the membrane and the vertical axis is the molar concentration with the unit in mol.m -3 . Fig. 4 demonstrates the case where the concentration of the sulfuric acid at anolyte has kept constant at 2000mol.m -3 and the concentration of the sulfuric acid at catholyte varied and the VRFB operated at constant discharge current of 400mA.cm -2 for all cases. As it is shown, increased acid concentration in the catholyte increases the proton and bisulfate ion uptake values within the membrane and accordingly decreases the concentration of the water (and ionic conductivity) in the membrane. Also, the trend of the concentration profiles for protons and bisulfate ions distribution is similar, confirming the model's capability for maintaining the electronutrality within the membrane. The potential drop across the membrane has been shown in Fig. 5 for different sulfuric acid concentrations of the catholyte, and for a constant current discharge of 400 mA.cm -2 . As shown in Fig. 5 ; the potential drop across the membrane increases with increased acid concentration of the catholyte. The model is capable to decouple the current being induced due to gradient in concentration and the current due to gradient in electrostatic potential. The contribution of induced current through these two driving forces has been shown in Fig. 6 . According to Fig. 6 , the back diffusion induced via gradient in sulfuric acid concentration increases by increased acid concentration resulting in increased potential drop as shown in Fig. 5 . Figure 6 . The contribution of the current being induced due to concentration gradient versus gradient in electrostatic potential
The electro-osmotic water drag coefficient as well as the ionic transference numbers as a function of catholyte acid concentration is shown in Fig. 7 . The electro-osmotic drag coefficient is simulated for different sulfuric acid concentration of the catholyte and the simulated value is in a good agreement with the literature (12) . Also, for different sulfuric acid concentration, the sum of ionic transference numbers is unity, suggesting that a fraction of the current is being carried via counter ions. 
Conclusions
A model is proposed for transport in the membrane of an all-vanadium redox flow battery based upon the Stefan-Maxwell multicomponent diffusion equation. The multicomponent diffusion equation results in the simulation of the species flux equations which are fully coupled. In this work, the transport of the species within the membrane with the high concentration (including protons ( ), bisulfate ( ), water ( ) and the sulfonate functional groups ( )) modeled and their interaction was simulated in a fully coupled framework. The driving force for species transport has been considered to be the gradient in electrochemical potential which can be decoupled in terms of the gradient of concentration and the gradient in electrostatic potential. The model successfully simulates the ionic transport numbers as well as water electro-osmosis drag coefficient for different acid concentrations. Experimental validation of these results is underway in our lab.
